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This paper takes the form of a review including some original contributions.
A fresh derivation of analytic energy derivative expressions for configuration
interaction (CI) wave functions is presented. In this method the CI energy is
described by Y ,; C,C,(H;; —8,,E) so that the orthonormality condition is
explicitly included therein. In the sequence of differentiations up to fourth
order it will be demonstrated that each derivative may be expressed in terms
of (Hy; —é6;,E) and its derivatives in a symmetric way with respect to the
interchange of differential variables. In a similar manner, the CI variational
condition may be described in an equation which explicitly includes the
normalization condition. It is shown that the differentiation of the modified
variational condition produces the coupled perturbed configuration interac-
tion (CPCI) equations in directly soluble and compact forms. The necessary
formulae for the energy derivatives up to fourth order and the CPCI equations
up to second order are explicitly given.
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1. Introduction

Since 1970, much theoretical effort in quantum chemistry has been expended to
obtain detailed information concerning potential energy surfaces, as the computa-
tion of accurate wave functions has become practical for many chemical systems
[1]. The analytical evaluation of the first and second derivatives with respect to
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nuclear coordinates has widely opened the theoretical window toward molecular
structure and chemical reactions in the framework of ab initic quantum
mechanical methods [2].

The analytical evaluation of derivative atomic orbital (AO) integrals using
Gaussian basis functions was first applied successfully to the energy gradient
using self-consistent-field (SCF) wave functions [3]. Following the pioneering
work by Pople and coworkers [4] on analytic second derivatives of the closed
shell SCF energy, subsequent studies have seen the development of methods for
the evaluation of analytic first derivatives of correlated energies using configur-
ation interaction (CI) wave functions [5], Mgller-Plesset perturbation theory
[4, 6] and the coupled-cluster {7] methods as well as analytic second derivatives
for general SCF wave functions [8]. The analytic evaluation of second derivatives
using CI [9] and multi-configuration (MC) SCF [10] wave functions has also
been achieved by several groups. Most recently the first analytic third derivative
methods for SCF wave functions have appeared, involving Raman intensities
[11] as well as energy third derivatives [12].

Although one obtains much more information concerning potential energy hyper-
surfaces by going to higher orders of derivatives, the degree of difficulty in
formulation and implementation also increases significantly, especially when one
uses correlated wave functions [ 5~10]. The orthodox way to solve the Schrodinger
equation in terms of one-electron basis functions is to construct a CI wave
function, where the electron configurations are based on Hartree-Fock molecular
orbitals described as linear combinations of atomic orbitals [13]. While the fuli
CI wave function is the ultimate point to be reached, various approximations
have to be made for realistic applications to the majority of chemical systems.

It is evident that typical variationally determined correlated wave functions, such
as MCSCEF and CI, invoke the orthonormality condition both in the MO and CI
spaces, as well as the variational condition for each space. In this study we are
mainly concerned with two (orthonormality and variational) conditions on the
Cl space. It is desirable to have general expressions for analytic energy derivatives
of the CI wave function, since the corresponding derivative expressions of other
variationally determined wave functions, such as MCSCF and SCF, may be
derived as limiting cases of the general CI formulae by imposing two additional
conditions on the MO space.

The format for this paper is primarily that of a review, but also presenting a new
perspective on the derivation of analytic derivative expressions. In the following
section an energy expression which explicitly includes the normalization condition
for the CI wave function is first proposed. Then it is shown that sequential
differentiation of the new energy expression straightforwardly produces higher
energy derivative formulae in a manner symmetric with respect to the interchange
of differential variables.

In Sect. 3, the CI variational condition is introduced in an equation that explicitly
includes the normalization condition. Then it will be demonstrated that the
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differentiation of the modified variational condition generates the coupled per-
turbed configuration interaction (CPCI) equations in directly soluble and compact
forms.

After briefly describing the derivatives of the MO coefficients in Sect. 4, all
necessary formulae for the CI energy derivatives up to fourth order and the
derivatives of the Hamiltonian matrix elements up to second order will be
explicitly given in Sect. 5.

In light of the complexity of the formalism described in the Sects. 3-5, we detail
.possible computational procedures to obtain the analytic first and second deriva-
tives for CI wave functions and discuss the various problems involved in a
practical implementation in Sect. 6.

It is to be emphasized that the primary goal of this paper is to present a fresh
approach to the derivation of higher CI energy derivatives. In that sense, the
present work is most closely related to earlier research by Helgaker et al. [2d]
and by Almléf and Taylor [14]. In this context the more recent paper by King
and Komornicki [15] should also be cited. The most efficient computational
method available at this time for analytic CI derivatives is that of Rice et al.
(RAHLS) [5g]. Similarly, the fastest currently available CI second derivative
method is that of Lee et al. (LHRSS) [9b]. The CI first and second derivative
formalism presented here will not be competitive with RAHLS and LHRSS until
it is modified to incorporate the Z-vector method of Handy and Schaefer [16].

2. General theory of energy derivative formula using CI wave functions

The CI wave function ¥ is described as a linear combination of electronic
configurations ®; which are constructed from various electron occupations of
the molecular orbitals

V=3 C;|®p). (2.1)

Here, we assume that we are focusing on a single electronic state described by
¥, i.e. {C;} is one of the sets obtained by solving the eigenvalue problem

H|¥)= E|¥). (2.2)
Definining the CI Hamiltonian matrix

Hy =(®;[H|®;) =T V?hiﬁZk T i (3] K1), (2.3)
i ikl

the eigenvalue problem (secular equation) may be expressed by

Z CJ(HIJ—SIJE):O (2-4)

which 1s the variational condition for the determination of the wave function
(2.1), where hy and (ij|kl) are one- and two-electron molecular orbital (MO)
integrals, and y. and F,:I,il are the one- and two-electron coupling constants

between electronic configurations and molecular orbitals.
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Since the wave function is normalized, we have the condition

; Ci=1 (2.5)

While the electronic energy is usually described by
E =); C;C,Hy, (2.6)
L

the energy expression in the following form will be used in this paper
% C,C;(Hy = dyE)=0 (2.7)

so that the equation explicitly includes the normalization condition (2.5).

2.1. First derivatives

The differentiation of Eq. (2.7) with respect to a nuclear coordinate a gives the
expression for the CI gradient,

oHy,; aE) aC,

Z G (*—511_‘_ +2Z - Z C;(Hy,; —8,;E)=0. (2-8)
24 da d T 0a j

The second term of Eq. (2.8) has zero value due to the variational condition
(2.4), and therefore

aH, 9
Y GG ( b 311_) =0 (2.9)
U da da
leading to a familiar expression for the CI gradient
8E oH,
= Z CIC] IJ. (210)
da da

Note that two conditions are included in deriving Eq. (2.10), although only the
variational condition (2.4) appears to be used. This is because Eq. (2.7) itself
includes the orthonormality condition (2.5).

2.2. Second derivatives

The CI second derivative may be obtained by further differentiation of Eq. (2.8)
with respect to a second nuclear coordinate b

02
aa db [Z CICJ(HU - 6IJ-E):I

I

&*H,; &°E ) oC; (aH,, aE)

= ——H_5,—)+2Yy —¥yC -8y
%C’CJ (aa ab  “saab ; da ; Nab Pab

aC oH 3E 0C,aC
+2Z‘_IZ CJ( 11—511_)‘*‘22 . J(HIJ—BIJE)
T 0b 3 da

T da ab
3*Cy
+2 C;(H;—8,E)=0. 211
Yot Y Cy(Hy ~ 8y E) 211)

da
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One should note that the last term of Eq. (2.11) which includes the second
derivatives of the CI coeflicients vanishes due to the variational condition (2.4).

The differentiation of the variational condition (2.4) gives the relationship between
the derivatives of CI coefficients and those of Hamiltonian matrix elements

0C; (aH,J aE) o

Z —(HIJ—SIJE)—}_Z 0 _5”'—"
7 da 7 oa

(2.12)

which is equivalent to the so-called coupled perturbed configuration interaction
(CPCI) equation.

Substituting Eq. (2.12) into the second and third terms in Eq. (2.11)}, one may
obtain the compact formula
8 Hy, &E ) 9C;0C;

—=$8 - — —(H;; —6,E)=0. 2.1
sadb " oaab 2§aa ab( v~ duE) (2.13)

ppeter <
I

Alternatively, one may differentiate Eq. (2.9) instead of the entire Eq. (2.8) in
order to get the second derivative of CI energy. This leads to
O’E o°H,, 3C; (aH,, aE>

-y C,C 23 =y o[ FE -5,
da b ,Z, ™ 5a ab §3b§3 "Nosa Yoa

(2.14)

Although this equation does not seem to be symmetric with respect to the
interchange of variables a and b, it may be proved to be identical to the symmetric
form of Eq. (2.13) using the following relationship {for related discussion see [15])

aC oH dE aC dH, oF
Zﬁz CJ( ”—511—->=Z_IZ CJ( U—Bu_>
1

J ab ab 1 (9b J oa da
3C;aC;
=y (g, - 8,E _
T da ab ( 18 1 ) (2 15)

which is derived from the CPCI equation (2.12).

2.3. Third derivatives

Similarly, the further differentiation of Eq. (2.13) with respect to a third variable
¢ gives the third derivative formula

d [Z C,C,(Hy —5,,5)]

daabac L
—ZCC( O Hy, s 3FE >+2Z§£’ZC (aZH,, azE)
S \saabac “aaabac 7 oc 5 “\oasb oaosb
aC,aC,(aH,, 0E> aC, . 3°Cy
—2y = -6, -2y =y =L (H,-5,E
%aa ab \ ac " ac ‘T‘aa gabac( v =ouE)
aC, . 3*C
-2y —% ~(H, - 8,E)=0. (2.16)

7 8b T ocoa
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Using the second derivative of the variational condition Eq. (2.4),

FCy [aCJ (aHU aE) aC,(HU aE)
H,—6,E)+Y | — — ey |+ 5,
; da ab( = duk) ; sa\ob “ab) ab\oa “oa
& Hyy &*E )j,
+C -3 = :
7 (aa ab 7aaab 0, (2.17)

the last two terms in Eq. (2.16) may be rewriiten without including the second
derivatives of CI coefficients. The fact that the third-order energy only requires
the first-order CI coefficients is called the Wigner’s 2n+1 rule [17], and has been
demonstrated for an analytical third derivative expression for MCSCF wave
functions by Pulay [18].

Finally, one can get the third-order expression for the CI energy,

& Hyy 3E )
cC -
IZ; ! ’(aaabac Y 5a 9b ac
8Cy (aZHU a2E> aC, (azHI, azE)
+2Y G 5 | -y )+ =2 -
; I;[aa abac “obac ab \acaa “ocoa

gc \aab “aaab
22[9_0_@9(%_ aE) QQIQQJ(BHU_ E)

+g€_‘,<aZHU 5. O E )]

Sloa ab\ac “ac) ob oc \da "~ oa

6C; 8Cy (aHU 9E )]

=1 —8;,—) | =o0. 2.
ac aa \ab " ab (2.18)

In this equation, the terms including the second derivatives of CI energy, such
as 8;; °E/da b, may be eliminated using the condition derived from the deriva-
tive of the normalization condition (2.5),

aC
LG =0.

) oa (2.19)

These terms, however, are included for further differentiation so that one may
obtain higher-order derivatives in symmetric forms.

2.4. Fourth derivatives

The fourth derivative relation may be obtained by differentiating Eq. (2.18) with
respect to a fourth nuclear coordinate d,

3*Hy; 3*E )
C —
%C’ ! (aa abacad  “oaobacod
aC,{ &Hy &E ) aC,( 3 H,, ?*E )
+ = - + -
2;C’§[aa (abacad Yabacad) ab \acodoa “acad da

+§_C_,( PHy PE > @( $Hy . &E )]
ac \adsaosb “adaaob) od \sasboc “3aabac
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o [ (b, FEY o0y Ty )
o Loa 3b \dcad dcad/ da dc \obad ab ad
GG Py FE) 5C,iG (Pl )
da ad \abac abac/ ab 3c \daad da ad
GG Tty TE 9CG (M TE)]
ob ad \sasc “oadc) oc od \oaob “oaab
_ ( ¥Cr 8°Cy N ¥Cr §°Cy N ¥C; 5°C,
7 \dadb dcdd dadcdbad daad abac

) (HIJ - 5UE) =0 (2.20)

where we used the relation (2.17) which is the second-order CPCI equation. In
the fourth derivative expression (2.20), the third derivatives of CI energy may
be eliminated using the condition (2.19) as well as in the case of the third derivative
(2.18).

It is noticeable that, in the sequence of differentiation, each term always carries
the Hamiltonian matrix and the energy in the form of (H;, —8,E) and its
derivatives. This fact is one of the advantages of getting the higher derivatives
by differentiating Eq. (2.7). In the present derivation the CPCI equations may
be effectively introduced to express the results in terms of lower order derivatives
of the CI coefficients. Moreover, one can avoid missing the derivatives of ““hidden
terms”” due to the conditions used in the determination of the wave function.

3. Coupled perturbed configuration interaction (CPCI) equations

The CPCI equations already introduced as Egs. (2.12) and (2.17) are the simul-
taneous equations which provide the derivatives of the CI coefficients. While
coupled perturbed equations are generally obtained by collecting the same order
terms of the Taylor expansion about an infinitesimal nuclear displacement, we
have derived them straightforwardly by differentiating the variational condition
(2.4) as shown in the previous section. Equations (2.12) and (2.17), however,
cannot be solved directly, because these equations have a singularity due to the
constraint (2.5). In order to solve CPCI equations practically, Eq. (2.4) can be
modified by adding the zero term 6(1~Y, C?), an approach which is similar to
the Lagrange multiplier method. Since the factor & may be arbitrarily chosen,
we use € =1 in the following derivation

zc,{H,,—a,,(E+1~z ci)}zo. (3.1)

The differentiation of Eq. (3.1) with respect to a variable a gives a practically
soluble first-order CPCI equation

8C, <aH,, aE)
H;, -8,E+2C,C;))— =~ ~&,— ) C,. .
;( 1J 1J 1 J) oa %: 9a 15 Ja J (3 2)
It should be realized that the determinant of the left-hand side |H,, — 6, E +
2C,C,| is no longer zero when one explicitly includes the derivative form (2.19)
of the normalization condition (2.5). This technique is mathematically equivalent
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to the projection operator method from electronic states to configuration space
in the quadratically convergent (Newton-Raphson) MCSCF procedure by
Lengsfield and Liu [19].

The second-order CPCI equation may be obtained by the further differentiation
of Eq. (3.2),

saab “saab

8Hyy aE aC,) 3G,
x’ ( %usa da +G ab

oH oE aCJ) aC;
—dy—+C— | —.
-y (s, 2 0 %

Comparing this equation with (2.17), it is seen that the second-order CPCI
equation naturally includes the relation from the second derivative of the nor-
malization condition (2.5),

2
z(c i C’+8—C’9£’>=0. (3.4)

2C H 2E
§:(HIJ_6UE+2C1CJ)aa =_Z<‘9 v_ 9 )C]

(3.3)

T Taaob oa ab

The explicit formula for the derivatives of the Hamiltonian matrix appearing in
the CPCI equations will be given in the Sect. 5.

4. Derivatives of molecular orbital coefficients

Before writing down the practical formulae for the derivatives of the CI energy,
we shall discuss the derivatives of the MO coefficients which appear in the
expression for the derivatives of Hamiltonian matrix elements Hj;.

Since the CI Hamiltonian matrix is constructed from MO integrals, the derivatives
with respect to nuclear coordinates include both the derivatives of AO integrals,
h,, and (uv|po), and the derivatives of MO coefficients. The latter may usually
be expressed by the U matrices. The derivatives of the uth coefficient of the ith
molecular orbital, C.,, define U matrices as follows.

GC'

E=T U C] (4.1)
a«j ai:;c =§§ UniCl (“43)
CCh s ygecr, (4.4)

dadbacad m
In carrying out the differentiation of the MO coefficients, it is convenient to have
following relations

aUj

pye =UP- zU p (4.5)
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aU?b abc < a .

—= Uijb “Z Ui ka (4'6)
ac k
Ut_z_bc

d ady _ Ug_bcd Z Ui Uabc_ (47)

The U matrices may be obtained by solving the coupled equations based on the
particular procedure by which the molecular orbitals are determined. The coupled
perturbed Hartree-Fock (CPHF) equations for the nuclear displacement based
on the closed-shell SCF method were presented by Gerratt and Mills in 1968
[20]. Pople’s group and the Berkeley group have utilized the closed-shell CPHF
equation to evaluate ab initio SCF second derivatives [4] and CI gradients [5].
More recently, CPHF equations have been extended to general open-shell [§],
two-configuration SCF [10f], and multi-configuration (MC) SCF wave functions
[10].

5. Derivatives of the CI energy

5.1. First derivatives

Using the U“ matrices described in the previous section, the first derivative of
the CI Hamiltonian matrix elements may be given as follows.

oH h; a(ijl ki
- Z ]+ Y T dUILY (5.1)
Ba ikl a
= H,,+2 z v xk (5.2)
where
u-z Yuh +Z Fukz(ljlkl)a (5.3)
thiz‘z ,},U hlj+22 1"mjkl U“d) (54)
he=Y C! 1 e (5.5)
ij bt BV o .
and
o 3
Glky = 3 CLolcker Xeries) (5.6)
Hrpo 8(1
Defining the density matrices
y:_/ :% CICJ‘in]:,s (57)
and
Ty = Z aGr ykl, (5.8)

the alternative energy expression of Eq. (2.6) is given in the integral form
E=Y yyhy+ X Ly (i kD). (5.9)
ij ijki
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The first derivative of the CI energy, i.e. CI gradient, is obtained by

oE
a 2 vihg+ Z Ty (i | kD)® +2Z U Xim, (5.10)
where X is the Lagranglan matrix defined as
X,-m=Z_ ijhg+2%rmjkl(ij|kl)~ (5~11)
. J J

Note that the matrix X is not in general symmetric with respect to the interchange
of the indices i and m.

5.2. Second derivatives

An expression for the second derivative of the electronic energy of CI wave
functions may be obtained from Eq. (2.13),

&°E & Hy, 3C; aC;

=Y CC -2 Hy,; -8, E). 5.12
dga ab % ™ aa ab %aa op (o= 0E) (5:12)

The second derivative of the Hamiltonian matrix element H,; in the first term
of Eq. (5.12) is explicitly written as

& Hy; u O hy o 0| kD)
— = —L 4y rE ——— 5.13
da ab ,-Z,-y” da ab ,zk, M 3a ab (5.13)
Hij+2 % (U X+ Us Xt + Uba X100
+2Y Y UL ULYY, (5.14)
im jn
where
HY —Z yi b+ Z [ (i | KD (5.15)
X —Z Y h“+2 Z Ty (i | kD) (5.16)
YxIrJnjn ‘)Imn hu+2z {FImJnkI(U|kl)+21—‘£;1,knl(lkl.]l)} (517)
8°h
he =Y Ci C,—*= 5.18
Z da db ( )
and
. R g
Glk®= 3 C, ookl ferles) (5.19)

uvpo da db

The CI second derivative may now be explicitly given by combining Egs. (5.12)-
(5.19).

P Yy % Ty GG +2 5 U X
da 3b ijkl im
+2 Z (U?mXIbm+ U?mX:Im)_'_z Z Z U?m Ujbn lfimjn
im im jn
aC;8C
—23 = == (Hy — 8, E) (5.20)
7 oa a
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where
Xin=2 Ymhg+2 X Ty (1| k) * (5.21)
j Jki
and
ijn = Ymn hij + 2 % {ankl (UI kl) +21_‘mknl(ik i]l)} (522:‘

While X, # X,; and X;,# X, the Y matrix has the following symmetry
properties
Y}mjn = Y’nim # Ymijn = anmi # Kmnj = Ynjim # Yminj = Ynjmi- (5'23)

J

The derivative of the CI coefficients 9C;/da may be determined by solving the
first-order CPCI Eq. (3.2). The U® matrices which are related to the second
derivative of MO coefficients may be evaluated by solving the second-order CPHF
equations [21].

5.3. Third derivatives
The third derivative expression for the CI energy is given from Eq. (2.18)

3*E 3 Hy;
= -ycCc—2*
da ab dc IZ, "™ 3a ab ac
+2ZCIZ(&£I—_II_J+B_C_J§2__HLJ+Q_98_2£I_I{
7 7 \3a 3bac 9b 3cda dc dadb)
8C;9C, {dHy, dE\ 0C;oC,(dH, dE
22 T —Oy— )\t — —opyT_
TlLda ab \ ac dc db adc \ da da
aC,aC,(aHU aE)]
+—=1= —o—) |. :
ac ada \ ab Yab (3.24)

The terms involving the second derivatives of the energy in Eq. (2.18) are
eliminated by the condition (2.19). The first term in Eq. (5.24) may be expressed
as follows

7 gaobac
28 (U Xt U Xou+ Uin X1,

83H abe [x3 abc abc
Y GG, L’:Z%ﬁf+§fﬁdmﬂ)b+22Uﬁxﬁ
ij ikl im

+2 Z Z (Uxarﬁ chn + Uf,r:z U_;'In + Ulcr‘:l U]bn) }/imjn

im jn

2 Y (Ui Xt Ubu X i+ Ui X o)

T2 Y (U Up Yinju+ Ui Uy Yoo+ US, UL Y2

imjn
im jn

88X Y Y(UL UL UL+ UL, Us Us,

im jn ko

+ Uzcm Ujl‘zn Uzo) Z ano!(ij‘ kl) (5.25)
1§
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where
hi= 2 C.Cl 58—?35 (5.26)
(ij| k)™= ¥ Cicickch T (pr|po) (5.27)
pwpo da ab ac
Xz =§ y,,,jh;.”+2j% T i (17| KT)*° (5.28)
and
Y i = Ymn +2>:{Tmnkz(ulkl)“+2rmkn,(zklﬂ) 3. (5.29)

The first and second derivatives of the Hamiltonian matrix appearing in Eq.
(5.24) have been already defined in Egs. (5.2) and (5.14).

5.4. Fourth derivatives

In a manner analogous to that employed in the previous section, the terms
involving 8;; 3°E/da ab dc in Eq. (2.20) may be removed to give an expression
for the fourth derivatives of the electronic energy, namely

3*E 3*Hy;
—_— -y, —
daobacad IZJ ™ 9a ab ac od

oC; *Hy, oC, 3°Hy, oC; °Hy
+2Y C e A +=
Z ’Z[aa abacod ob dcadoa dc od daab

C, °H
AT 1 ]

ad da db 3¢

9C;9C, { *H 3*E
22[——’—1(—3—811 )
7 Loa ab \3cad dc ad

GG (7Hy_, FT)
sa ac \abad “abad

+a_g,_a_c,<azHU_ 62E)+§98C,<6HU 5 02E>
da ad \abac “abac) ob oc \sasd " daad

9919(8%_ 82E>+9£16_G<62Hu_5 aE)]
ab ad \saoc “sasc) oc ad \sasb “daab

FC; 3°C;,  FC i°Cy | 80 82CJ>
2 + + Hy ~ 8y E).
Z<aaab dcod dadcobad 9aod abac (Hyy = 8uE)

(5.30)
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The first term of Eq. (5.30) may be expressed as follows

o Hy,
C,C,————
% " saabaocad

=3 %jhi}”“’ﬂ“ ¥ Ty (i kD42 Y U X,

if ik im

F2 Y (U X A Ui X+ Und X 0+ Ui X )

T2Y ) (U UG+ Ut U+ U2 U+ U2 US) Vi
im jn

2y (U X+ U X+ U X0+ U X+ U X oo+ Uy X
im

+2 Y AU U+ U Up+ Ui UR) Y iy,
im o jn

H(UB UL+ UM U+ U UL Y

+ ( chr‘ri Ujan + U?r:l Ujdn + U?,g U]Cn) Y?mjn

+ ( Ulcrtrjn Ujbn + U?ri chn + Urbrfq U_;in) Ylizmjn}

+2Y % kZ (UR UL UL+ U UnL Ui+ U UL UL,
im jn Ko

+ Uﬁfq U;']n UZO+ (]?:1 U]('zn Ulcco+ chri U]"zn Uio)Zimjnko

+2 Y YU Ui+ U U+ Ut UG Yo
im jn

' bed b abe

T2UAUL X + U X5+ U, X0+ U, X o0)
m

+2 3 Y (Ul Upy Y+ Us Us, Yo+ Us, U, Yy,
im jn

Ul Up Yiiat Uba U Y+ U, Us, Y0,

+2 Z Z Z (U;’m U]b" UioZgnjnko'i- U?m Ujbn UZU icmjnko

im jn ko
F U U, Uy Z ko Uty Usn U'ty Z 2riinico)
+8Y Y Y Y (UL Un Ui, U+ U Us, Up, U + U, UG, UL, US)

im jn ko Ip
| p—_aL0) (5.31)
where
. o*h

h;l_bcd: Ci CJ,, 1777
d ; TV saabacad (3.32)

. - (v po)
kl abed — Ct C_]V Ck CI
(F1k) WZW # T %0aabacod

X' =Y Yh§+2 L Coa (] K1) (5.34)
J J:

(5.33)
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Yo = Y h 2 2 At (5| 1) 2T e (i 1)} (5.35)
Zinjoko = 4 AT mnor (i1 )+ Copo e 1) + Ly (il 1)} (5.36)

and
tminko = 4 2 AL urot (| KLY + oot il | 71)° + T il ) (5.37)

The term involving the third derivative of Hamiltonian matrix may be written as

3G, 9 HIJ
Ci—
2Crq sbaced
‘—Z ’y(a)thd‘I‘ Z F;‘;{}(U‘ kl)bcd +2 Z U?ridXEr‘:i)
ijki im

+2 Y (Ui X+ Ui X5+ Uin X10)°)
im

+2Y S (UR UL+ UL UL+ UR U Y,

im jn

+2 T (U X2+ Us, XM+ U, X205
im

F2Y Y (UL UL Y S+ U, UL Y+ UL, Ut Yok
im jn

+8% 2 ¥ Ui Uj, Uk Z{Fﬁnnoz(ljlk1)+T§‘.’3nz(tlil)+F( o (il | 1)}

im jn ko

(5.38)

where
=3 G a_c_, v (5.39)
5;1?1 Z Ci— aCJFykI (5.40)
X =z_ v hy+2 % Tl (if | kD) (5.41)
x(wr —z v hG+2 z T (i kD) (5.42)
X" =L v h*’0+2 L Lo kD)™ (5.43)
Y= ys::z y+ 2 T AT oo (i K) + 20 o G i} (5.44)

and

Y i = «/‘“’h”+22{F£:.‘3kz(u|kl) +20 ik (k| 1)} (5.45)

Equation (5.30) clearly reflects Wigner’s 2n+1 rule [17] such that the fourth
derivative of the CI energy requires only the first and second derivatives of the
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CI coeflicients, which may be determined via the first and second-order CPCI
equations (3.2) and (3.3).

6. Computational implementation of the first and second derivatives

The analytic evaluation of energy derivatives using correlated wave functions has
already been implemented for the first and second derivatives of CI [4, 5, 9] and
MCSCF [10] energies. When one employs the MCSCF wave function, it is
possible to skip the steps to evaluate the second derivatives of the MO coefficients.
However, there still remain computational difficulties in solving the coupled
perturbed MCSCF equations routinely. Similar problem comes with the CPCI
equations, which must be solved to obtain the CI second derivatives. In the
present formulation, the other major problem in the evaluation of CI second
derivatives is to solve the second-order CPHF equations for the second derivatives
of the MO coeflicients. This problem has already been successfully resolved for
closed-shell and general open-shell RHF wave functions [21]. Moreover, the
solution of the (3N)(3N +1)/2 second-order CPHF equations may be avoided
by solving one CPHF-like equation using the Z-vector method of Handy and
Schaefer [16].

In this section, we present an overview of the computational procedure for the
CI first and second derivative methods, and discuss the various problems to be
solved. Figure 1 illustrates the present algorithm for the evaluation of energy
gradients and the second derivatives using CI wave function based on the
following description.

6.1. First derivatives

The energy gradient for CI wave function (5.10) may be divided into two terms

[5a]

%:EG)JFE&) (6.1)
where
Eﬁ):;j yijh§}+ij§;,lr,-jk1(ij|kl)“ (6.2)
dh,, uv|po
=“ZV ma*ngMZW r W,,g—(%le (6.3)
and
Eﬁlz):z%l Uin Xim- (6.4)

The first term of Eq. (6.1) may be evaluated in the AO basis using the back
transformed density matrices vy,, and I',,,, as shown in Eq. (6.3). The one- and
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AQ integrals
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MO integrals
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im ()
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Fig. 1. Computational procedures for the analytic evaluation of energy first and second derivatives
for confignration interaction wave functions. Note that the solution of the SN (3N + 1)/2 second-order
CPHF equations may be avoided by solving one CPHF-like equation using the Z-vector method of
Handy and Schaefer [16]

two-electron density matrices in the AO basis are obtained via

if

and

r =3 C,iL c’, C'; Cf:rrijkl- (6.6)
iikd

nvpo
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The second term, E{y), is evaluated from the Lagrangian matrix (5.11) and the
U*“ matrix.

6.2. Second derivatives

The CI energy second derivative formula (5.20) may be divided into the following
five terms

a'E

sa b =Ef+ES+ER+EQ+EY (6.7)

where
E(l) —Z Yyhab+ “Zkl rijkl(ij| kl)ab (6.8)

ij
Bzh,“, 3*(uv|po)
= + Upppe ™7 6.9
Z < Yo 54 ob ,WZW KT 9a ab 69)
EG) =2 Z U Xim (6.10)
(3)_2Z(U X?m+U?mX‘tzm (611)
(4)"2 LY UL U})n Yimjn (6.12)
im jn
and
8CraC;

E®=-2Y (Hy—8,E)— —. 6.13
(5) ;«]( Iy J )aa ab ( )

The ﬁrst term E{, involves second derivatives of AO integrals, and the second
term E&, &) requires the solution of the second-order CPHF equations, the U®
matrices. The Lagrangian derivative matrices X“ appearing in the third term,
Ef’f), may be evaluated either by using the transformed first derivative integrals
in the MO basis, hi and (ij|kl)%, (see Eq. (5.21)) or by using the partially
transformed derlvatlve Lagrangian and density matrices, X3,,, ¥ and I,

Xi.=Y C;bem (6.14)
"
where
v I¢] 14 g
-3 vmy CL ) AL (6.15)
vpo oa
and
Yeno :Z ‘ij CJV (6.16)

mVpa- 2 I‘mjlev C C (6.17)
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The direct evaluation of the Y matrix appearing in E ﬁf) requires a major computa-
tional effort. Page et al. [10d] and Lee et al. [9b] developed a method to calculate
the term E () without forming the Y matrix. There are two ways to evaluate EZ5;
using either partially transformed derivative MO integrals or derivative density
matrices,

Eiy=2 ;n JZ U Upn [vmnh,—,—ﬂ%{ankz(tjlleZI“mknz (ikljl)}] (6.18)
=23 Ul xiol (6.19)

where ‘
X0 =Y Y b +2 > Ll (i KD+ (in | k1P + (in | kT) ) (6.20)
=§ Yirkhy+2 ]zkl T+ T+ T (if | D). (6.21)

The partially transformed derivative integrals and derivative density matrices are
defined as follows

hid =% Upnhy (6.22)
;
(ifi| k1) =L U3, (ij| k) (6.23)
;
Yorr=Y Ujn Yo | (6.24)
I8 =Y UnL . (6.25)

The last term of the CI second derivative expression, E ?5”), requires the derivatives
of the CI coefficients which may be obtained by solving the CPCI equations (3.2).

6.3. First-order CPCI equations

The first-order CPCI equation (3.2) is the linear equation which may be written
in a simple matrix form;

a2 BC. (6.26)

da
The matrix elements of Eq. (6.26) are given by
AI]:H]]_511E+2C[C] (6.27)

and

oH,, aE)
B =~ —8,— | C,. 6.28
0; ;( aa JAs sa J ( )
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The first derivative of the Hamiltonian matrix element involved in (6.28) may be
evaluated using the transformed derivative integrals in the MO basis [(5.5), (5.6)]
and partially transformed derivative MO integrals [(6.22) and (6.23)]

My 5 ¥ (he+ )+ 3 THAGT K + (5] ) ) (6.29)
da g b
where
hi?=hiP+ b (6.30)
and
(37 ) = (5| KLY+ (i )+ (3| R+ (i kD', (6.31)

One of the most time consuming steps in the CPCI procedure is the evaluation
of the derivative integrals in the MO basis, (ij|kl)* to form the derivative
Hamiltonian matrix §H;,;/da. When the derivative Hamiltonian matrix element
is evaluated, one may directly form Bg, by multiplying with the CI coefficients
so that one can avoid storing the huge derivative Hamiltonian matrix. After the
B{ matrix is calculated for all nuclear coordinates a, the linear equation (6.26)
may be solved iteratively by using Pople’s method [4]. One may use an alternative
procedure to evaluate E f’s") with the direct inversion of (Hy —8,E +2C;C)).

6.4. Computational problems and the future

The practical problem in solving the CPCI equations is the large requirement of
memory storage, not to mention computation time. This fact may be appreciated
by noting that the CPCI procedure involves roughly 3N times the computation
of the CI energy in order to get (3N ) force constants, where N is the number
of atoms.

Although the CI energy and wave function are usually determined by employing
only configurations that contribute to the electronic state, one must expand the
configuration space in order to solve the CPCI equation. This is due to the fact
that the derivatives of the Hamiltonian matrix are not necessarily zero even if
the corresponding matrix elements of the (zeroth order) Hamiltonian are zero
by molecular symmetry. If the CPCI equation is solved by exploiting the molecular
symmetry, the linear equations (6.26) should take a block-diagonal form deter-
mined by symmetry of both the electronic configurations and nuclear displace-
ments.

In order to make the CI second derivative more tractable, one obviously needs
to develop an efficient CI code. The analytic derivative procedure is also enhanced
if one can easily vectorize or parallelize the programming code. In this regard
the progress of appropriate computer software and hardware is also strongly
looked for. Fig. 2 shows a qualitative sketch of the computation time requirements
for analytic derivative methods.
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Fig. 2. Rough estimation of computation times for analytic energy derivative methods. Note that the
estimates do not refer to any particular example and the relative amounts of computation will vary
significantly from case to case. As discussed in the text, the solution of the 3N CPHF equations for
the CI gradient, and the solution of the 3N(3N +1)/2 second-order CPHF equations for the CI
second derivatives, may be avoided by solving one CPHF-like equation using the Z-vector method
of Handy and Schaefer [16]

7. Concluding remarks

In modern molecular electronic structure theory the development of analytic
energy derivative techniques is essential in order to obtain reliable information
concerning potential energy hypersurfaces in an efficient and precise manner. In
this review a straightforward way of deriving explicit analytic higher energy
derivative expressions for the CI wave function is presented. Also shown is a
new route to the formulation of the CPCI equations in directly soluble forms.
In this paper we have concentrated on the two (orthogonality and variational)
conditions on the CI space. It should be noted that in his important monograph
contribution Pulay [22] anticipated some aspects of the present approach, by
using a related form of the energy expression and making use of Lagrange
multipliers in the CI part of the MCSCF energy. In a forthcoming paper we plan
to pursue the correspondence among higher energy derivatives of the CI, MCSCEF,
and SCF wave functions by imposing additional two conditions on the MO space
and considering the uniqueness of the coupling constants.
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